In the present work, ethylene polymerization kinetics was modeled using moment equations. According to the results obtained, the molecular weight distribution of each active center follows a Schultz-Flory distribution. However, the molecular weight distribution of polymer produced is much broader than a SchultzFlory distribution. Besides, the order of polymerization with regard to monomer concentration is higher than unity. Moreover, the catalyst active centers deteriorate in the presence of hydrogen and consequently catalyst yield drops; nevertheless, polymerization kinetics is not mainly affected by hydrogen. Hydrogen also reduces polymer molecular weight since it is a strong transfer agent in olefin polymerizations. Notwithstanding, it does not affect polydispersity index. Last of all, although increasing cocatalyst concentration does not influence the activity of active centers, it lessens the molecular weight as a transfer agent.
Introduction
Although different attempts have been made to specify the kinetics and mechanism of Ziegler-Natta catalysts, particular features of these materials such as the variety of active centers whose activities are totally different and greatly dependent on other components used in the catalyst system, the sensitivity of active centers, and so on have caused the kinetics of these catalysts to change from one catalyst to another. For example, most Ziegler-Natta catalysts based on titanium have various active centers and thereby the polymer produced over these catalysts has a broad molecular weight distribution; however, the molecular weight distribution of the polymer separately produced by each center is narrow-PDI is about 2-and follows Schultz-Flory distribution. In addition, different active centers result in various tacticities when the polymerization of alpha olefins is the case. Also, when ethylene is copolymerized with alpha olefins, each center produces its own copolymer composition that is different form the others. Moreover, the generation and deterioration rate of active centers are different and they distinctly react toward reaction impurities [1] [2] [3] [4] .
In fact, first steps toward studying mechanism of Ziegler-Natta-based reactions were taken by Tait and his coworkers. They considered a general model in which the absorption of monomer and cocatalyst on the catalyst surface was an equilibrium reaction and the reaction was initiated through an insertion of a monomer molecule into metal-carbon (which belongs to cocatalyst) bond [5] [6] [7] . Then Zakharov et al took the effect of hydrogen, as a molecular weight moderator, into account in their model for the first time [8] [9] . In 1978, Böhm proposed an inclusive model taking all possible reactions into consideration for polymerization reactions based on Ziegler-Natta catalysts. He developed kinetic equations analytically and used mixture law to consider the effect of different active centers [10] [11] [12] .
Later, in 1991 Kim and his coworkers theoretically derived reaction rate profile for ethylene slurry polymerization and studied the effect of deactivation reactions on the reaction rate [13] . Ray et al also investigated ethylene polymerization kinetics in the presence of diffusion phenomena and modeled the particle growth and particle morphology development during the polymerization by employing moment equation method [14] . By developing an isothermal model, Bhagwat et al also studied the effect of gas-liquid mass transfer restrictions on molecular weight distribution of the polymer produced, and attributed the broad molecular weight distribution of polymer to a four-stage mass transfer between gas phase and catalyst surface [15] .
In 1997, Choi and his coworkers could model the molecular weight distribution and polydispersity index of polyethylene by developing a model for ethylene polymerization over titanium-based Ziegler-Natta catalysts; they used moment equations to model the reaction, but disregarded the effect of different active centers [16] . Hindryckxa et al also investigated ethylene (co)polymerization over titaniumbased catalysts in the presence of hydrogen and 1-octane as comonomer [17] . Afterwards, Kissin and his coworkers studied the mechanism and kinetics of ethylene polymerization over Ziegler-Natta catalysts. They found out that some centers are more active in homopolymerization while others in copolymerization. They also proposed a model that explained the peculiarities of ethylene polymerization. Using this model and employing statistical methods, they studied the mechanism of ethylene polymerization as well as chain end structure [1] [2] [18] [19] .
Having proposed a model for ethylene polymerization kinetics over titanium-based catalysts, in 2000, Czaja studied catalyst deactivation reactions [20] . After that, Ha et al reviewed olefin polymerization kinetics along with the effect of diffusion phenomena and initial particle size of the catalyst [21] . They also investigated the effect of hydrogen on polymerization kinetics over vanadium-and titanium-based catalysts. They discovered that hydrogen had no significant influence either on polydispersity index nor active center nature. Propagation rate constant also remained intact as the ethylene concentration changed and hydrogen could only deactivate some centers before polymerization started [22] [23] . Once more, Kissin and his coworkers reviewed the influence of temperature, cocatalyst, monomer partial pressure, and hydrogen on ethylene homo-and co-polymerization kinetics and molecular weight distribution altogether. He also proposed another model to explain the peculiarity of ethylene polymerization [24] .
Garoff et al, by studying the impact of hydrogen on ethylene polymerization kinetics discovered that small amounts of hydrogen reduced the activity of active centers, whereas its large quantities induced a delay in the catalyst activation time [25] . By utilizing Aspen Polymers Plus and Aspen Dynamics software, Khare et al modeled the commercial ethylene polymerization using steady-state and dynamic models [26] .
Ethylene polymerization over chromium catalysts in gas and slurry phase was also modeled by Tang et. al [27] . In 2004, Alizadeh and his coworkers modeled ethylene polymerization in a fluidized bed reactor by using moment equations [28] . Later on, having polymerized 1-hexene over supported Ziegler-Natta catalysts, Jiang et al found out that changing the structure of catalyst support could be an effective way to tune the distribution of active centers in heterogeneous catalysts [29] .
Wang et al, in addition, studied the effect of electron donors on the distribution of active centers in MgCl 2 -supported Ziegler-Natta catalysts; they also obtained the fraction of each center and calculated the variation of propagation rate constant with reaction time [30] . Later on, Soares et al researched the kinetics of olefin polymerizations over vanadium catalysts in continuous stirred reactors and obtained molecular weight distribution in different conditions [31] .
Despite the extended amount of research carried out on ethylene polymerization kinetics in recent years, less investigation has been conducted to consider the contribution of each active center in polymerization during the course of polymerization reaction and to specify the composition of the polymer produced by each center in the final product that is mainly a blend of polymeric species synthesized by each center. Additionally, further study should be carried out on the impact of variety of active centers on reaction rate profile, weight-and numberaverage molecular weight, and polydispersity index as the main parameters that are usually affected by each active center. To this end, in the current work, attempts have been made to develop a proper kinetic model based on moment equation method and, thereby, to investigate the effect of each center on the above-mentioned parameters during the ethylene polymerization reaction.
Polymerization Kinetics
Catalytic polymerization reactions almost show a complex behavior and in most cases not all the phenomena involved in these reactions can be easily understood. In this regard, the validity and practicality of kinetic models proposed for polymerization reactions heavily depends on the understanding of these phenomena. In the case of Ziegler-Natta catalysts, due to their multiple site behavior and the effect of diffusion barriers, the model should be even more robust to properly portray the polymerization kinetics.
It is generally agreed that the broad molecular weight distribution of products synthesized by Ziegler-Natta catalysts is mainly because of diverse active centers and is less influenced by diffusion barriers [3] [4] . Therefore, the diversity of active centers must be taken into account. On the other hand, one may eliminate the effect of diffusion barriers on the above parameters and exclude diffusion phenomena in particular conditions in their model.
In the present work, activation (initiation), propagation, transfer (to monomer, to cocatalyst, to hydrogen, β-hydrogen elimination), and spontaneous deactivation reactions were included in the model proposed. Activation (initiation) reaction occurs as the catalyst centers on the surface of catalyst react with cocatalyst to generate initial active centers as follows:
In propagation, a monomer is added to the bond linking the catalyst and the monomer previously attached to the catalyst, and consequently a growing chain will be produced:
Transfer reactions are as given by:
Transfer to hydrogen:
Transfer to monomer:
Transfer to cocatalyst:
β-hydrogen elimination:
Spontaneous deactivation:
In the above equations, S is the concentration of potentially active centers, Al the cocatalyst concentration, C *j the concentration of initial active centers, M the monomer concentration in slurry medium, H 2 the hydrogen concentration, the concentration of growing polymer chains consisting of n monomers, the concentration of dead chains, j type of active center, and k reaction rate constant of each reaction.
In these equations, it is supposed that active centers regenerated in Eqn.s 4 to 7 are similar and closely resemble each other's activity if they are of the same type.
Modeling by Using Moment Equations
In semi-batch processes, mass balance equations for the reaction components are given by:
α j , the probability of propagation reaction among propagation and termination reactions in center j, is defined as follows:
Equations 14 and 15 can be directly solved; however, to reduce the amount of calculations and also to obtain number-and weight-average molecular weight ( n M and w M ), molecular weight distribution, and polydispersity index, moment equations are used herein.
For growing polymer chains in active center j, kth moment is defined by:
Also, for dead polymer chains in active center j, kth moment is defined by:
Substituting Equations 16 to 18 in mass balance equations, one may rearrange Equations 10 to 15 as follows:
The zeroth, the first, and the second moment equations were used to calculate number-and weight-average molecular weight and polydispersity index. If polymer molecular weight, at each moment of the reaction, stems from dead and growing chains, equations related to number-and weight-average molecular weight and polydispersity index are given by:
where, M 0 is monomer molecular weight.
To calculate Equations 25 to 27, one needs to numerically compute moment equations used. Rearranging the above equations, the following equations can be derived for the zeroth, the first, and the second moment equations of growing and dead chains:
[ ]
The following equation is used to obtain reaction rate as It should be noted that monomer concentration in modeling was equal to its bulk concentration, and it was supposed that monomer concentration was constant during the reaction as ethylene pressure was almost kept constant. In addition, heat transfer phenomena were ignored in the modeling. Finally, Gear's method was employed to numerically solve moment equations.
Results and Discussion
Ethylene Homopolymerization Kinetics Figure 1 shows ethylene homopolymerization kinetics based on the reaction rate constants given in Table 1 . As can be inferred from experimental and modeling results, polymerization rate first increases, which is attributed to the activation of active centers by monomer and small amount of deactivation, and then levels off and reaches a plateau that can be due to constant active center concentration as a result of similar number of activation and deactivation reactions. Finally, as the deactivation reactions outnumber the activation reactions, the concentration of active centers falls and consequently polymerization rate decreases. In initial stages of the polymerization reaction, molecular weight is more influenced by active center concentration than deactivation and transfer reactions. Additionally, Equation 1 shows that the rate of active center formation drops as the reaction proceeds since both catalyst and cocatalyst concentrations drop; thus, molecular weight finally rises and then levels out. However, in the middle of polymerization reaction, propagation and termination reaction rates are the main factors that mostly influence molecular weight.
In most cases, modeling results are in line with experimental data, although, at some reaction times, reaction rates obtained by modeling are smaller than experimental ones. This behavior can be due to an increase in catalyst activity-and consequently monomer consumption-as a result of some local hot spots produced by the heat of reaction between monomer and catalyst in the empirical polymerization which differs from the modeling since, in fact, local temperature rising is not included in the modeling. Figure 1 displays the variation of different active center reaction rates as a function of reaction time. In early stages of the reaction, center II and center I have the highest and lowest reaction rates respectively. However, as the reaction proceeds, the reaction rate of center IV and center V increases and finally, at the end of the reaction, the reaction rate of center V reaches a peak. Center I and center II become deactivated and their reaction rates reach zero after 25 and 95 minutes respectively. Therefore, a great amount of polymer synthesized is produced by centers III, IV, and V as can also be witnessed by experimental and modeling results. Taking the slope of reaction rate profiles into account, one may deduce that the highest rate of active center formation at the beginning of the polymerization first belongs to center II and, then to center III; all the other centers have almost the same reaction rates. On the other hand, centers IV and V are respectively the most stable centers against deactivation during the polymerization reaction and have the least rate of deactivation. The variation of instantaneous mole fraction of active centers-active center concentration-is depicted in Figure 2 . It can be seen in this figure that although the concentration of center I and center II at the early stages of the reaction is almost the highest, as the reaction progresses they deteriorate and finally centers IV and V become the predominant centers in the polymerization, which makes it possible for them to highly contribute in the synthesis of final polymer. Results obtained for the reaction rates (see Figure 1 ) also confirm the short life of centers I and II. Figure 3 illustrates the amount of polymer produced by each active center during polymerization. Figure 3A shows the mole fraction of this variable and it is obvious that centers IV and V produce most of the final polymer. However, to be more precise, the weight fraction of polymer synthesized by each center is also drawn in Figure 3B . It can be inferred that centers I and II have little share in polymerization and the amount of polymer synthesized by them (with respect to the other centers) can simply be ignored. On the other hand, centers IV and V are the main centers synthesizing final polymer. In other words, it can be deduced that centers I and II do not have any propensity toward homopolymerization, whereas centers IV and V can be specifically used for homopolymerization purposes. A comparison of each active center contribution to the polymerization with Kissin's data is also given in For a general comparison, the total molecular weight of the polymer produced is also drawn along with that of each center.
Tab
Polydispersity index of each center together with total PDI of the polymer produced is shown in Figure 4C . It is obvious that polydispersity index of each center, except for a short time at the beginning of the reaction, is about 2, which has also been reported elsewhere [1] [2] [3] 16, [18] [19] . In fact, each center follows a Schultz-Flory distribution as already shown for Ziegler-Natta heterogeneous catalysts. In initial stages of the reaction, the polydispersity index of centers III and V deviates positively from 2, while that of center II shows a small negative deviation, which has been ascribed to the unsteadiness of polymerization in activation and deactivation steps. It can also be seen in this figure that the total polydispersity index of polymer produced by ZieglerNatta catalysts, after reaching a steady condition, is about 4. This value and also the trend of polydispersity index variation deny any resemblance of total molecular weight distribution of polymers produced by Ziegler-Natta catalysts to Schultz-Flory distribution as reported in some references [16] . According to Table 3 , which compares the experimental and modeling data for molecular weight distribution and polydispersity index, there is good agreement between modeling and experimental results. Figure 5 displays the polymerization kinetics for three different monomer concentrations. It is clear that as the monomer concentration increases, the modeling results deviate more from experimental data especially in the final stages of the reaction. It can be inferred from this behavior that increasing monomer concentration can raise activation reaction rate by shifting the equilibrium reaction of  β-agostic complex formation toward further conversion of the stable complex to the active complex [24] . The influence of monomer concentration on polymerization kinetics after 2 hours is depicted in Figure 6 . A linear relation between polymerization rate and monomer concentration can easily be seen. The order of polymerization with respect to monomer concentration for different active centers is obtained via moment equation modeling and is shown in Table 4 . With reference to Table 4 , the order of polymerization with regard to monomer concentration is higher than unity; in fact, such an order of polymerization has previously been reported [18] [19] . It is also observed that center V, as a result of higher polymerization order is more sensitive to monomer concentration and, in general, the sensitivity of active centers is in the order of: Center V> Center IV> Center III> Center II>Center I. The yield of catalyst versus monomer concentration after 3 hours of polymerization is displayed in Figure 7 . According to the modeling results, increasing monomer concentration from 0.25 M to 0.85 M augments the catalyst yield sixfold. Furthermore, a linear correlation between monomer concentration and catalyst yield can be seen in the range studied. However, it is predicted that upon further increase in monomer concentration, catalyst yield levels off since the number of active centers in a certain amount of catalyst is limited. The effect of monomer on number-and weight-average molecular weight for centers I and V and total molecular weight is shown in Figure 8 . In accordance with the results, the variation of molecular weight should be considered in two stages, namely, at the initial stages of the polymerization, and at the end of reaction.
The Effect of Monomer on Ethylene Homopolymerization Kinetics
Increasing monomer concentration at the early stages of reaction causes numberaverage molecular of center I to go through a maximum, while at the final stages of the polymerization number-average molecular weight continuously increases as the monomer concentration rises.
However, it is expected that this rising trend slows down and number-average molecular weight reaches a plateau after a certain monomer concentration. The same behavior as a result of mutual effects of catalyst activation by monomer, propagation reaction rate, and transfer to monomer reaction rate, can also be observed for centers II and III. In the initial stages of polymerization, upon an increase in monomer concentration, due to higher active centers incorporating into propagation reaction, propagation reaction rate increases and overcomes transfer to monomer reaction rate; thereby, polymer molecular weight rises. However, after a specific monomer concentration, transfer to monomer reaction rate (because of higher amount of active center available) increases and even sometimes overwhelms propagation reaction, which consequently reduces polymer molecular weight. Such a trend is more obvious in center I, in which transfer to monomer is very high, while molecular weight of center IV levels out after a certain monomer concentration and no more decrease can be observed. More interestingly, molecular weight of center V never decreases upon the addition of monomer concentration. Finally, at the late stages of the reaction as the number of active centers falls, propagation reaction outnumbers transfer to monomer reaction and thereby molecular weight increases again. On whole, the amount of increase in molecular weight is the highest in center V and the lowest in center I.
The Effect of Hydrogen on Ethylene Homopolymerization Kinetics
Hydrogen is usually used as a transfer agent to control polymer molecular weight and by this means enhance processability of polyethylene. Nonetheless, the deactivating effect of hydrogen on Ziegler-Natta catalysts based on MgCl 2 -TiCl 4 should be taken into account as reported in the literature. Kissin et al reported that the deactivation caused by hydrogen was due to formation of β-agostic coordination as a result of reaction between hydrogen atom and ethylene group upon addition of the first ethylene monomer to the catalyst active center newly regenerated by transfer to hydrogen reaction [19] . Figure 9 depicts the ethylene polymerization kinetics at 85 °C in the presence of hydrogen. As the results show, average catalyst activity is suppressed by addition of hydrogen. In fact, increasing hydrogen pressure from zero (0) to 0.1 MPa during the polymerization halves the catalyst activity. However, the polymerization kinetics (overall trend of reaction rate) remains unchanged. This means that hydrogen does not affect the chemistry of activation process and active center stability.
In accordance with Figure 10 , the polymerization kinetics of each active center remains unchanged during the reaction on addition of hydrogen, which means hydrogen has almost similar effect on all active centers. Table 5 includes the contribution of each active center to the polymerization in the presence of hydrogen. It is clear that there is no significant change in the composition of different active centers comparing to that of active centers in the absence of hydrogen. The modeling results for the effect of hydrogen on centers II and IV is portrayed in Figure 11 . A comparison with experimental results is also made in Table 6 . It can be seen that addition of small amount of hydrogen dramatically reduces polymer molecular weight as a consequence of transfer to hydrogen and deactivation of catalyst in the presence of hydrogen. Yet, upon further addition of hydrogen, polymer molecular weight decreases more slowly, and it is expected that after a certain hydrogen pressure the polymer molecular weight reaches a plateau. Finally, hydrogen has an insignificant effect on polydispersity index. 
The Effect of Cocatalyst on Ethylene Homopolymerization Kinetics
In systems based on Ziegler-Natta catalysts, cocatalysts (alkyl aluminum like tri ethyl aluminum) are mainly used to activate the catalyst and initiate polymerization through formation of a complex with the catalyst. In addition, they act as the scavengers of oxygen, water, and so on in the reaction medium. Finally, they can influence catalyst system, polymer molecular weight, and polymer molecular weight distribution as well as play the role of transfer agents [1] [2] [3] [4] . Table 7 shows the contribution of each active center to the polymer synthesized. It is obvious that increasing cocatalyst concentration only slightly decreases the contribution of center V and faintly increases the contribution of center IV. Thus, it is anticipated that polymer molecular weight falls as the contribution of center V drops. Moreover, owing to transfer to cocatalyst reaction, polymer molecular weight decreases even more in the presence of cocatalyst. Besides, with reference to Tables 8 and 9 , the presence of cocatalyst slightly reduces the activity of active centers-with center I being the most influenced. However, it should be mentioned that one may ignore the effect of transfer to cocatalyst provided that the amount of cocatalyst regarding the hydrogen and monomer concentration is low. 
Conclusions
In the current work, a model based on moment equations was developed for ethylene polymerization kinetics. The results obtained by the model are precisely in line with experimental data. According to the results obtained, stability of active centers during the polymerization, the composition of each center in synthesizing polymer, and polymer molecular weight of different active centers change in the order of: Center V > Center IV > Center III > Center II > Center I.
Besides, the molecular weight distribution of each active center follows a SchultzFlory distribution. However, the molecular weight distribution of polymer produced is not a Schultz-Flory distribution. Additionally, the order of polymerization with regard to monomer concentration is higher than unity, and increasing monomer concentration either increases or decreases polymer molecular weight, whereas it always augments catalyst yield. Moreover, although hydrogen destroys catalyst active centers and consequently reduces catalyst yield, it has no specific effect on the polymerization kinetics. Acting as a main transfer agent, hydrogen also reduces polymer molecular weight. Notwithstanding, it does not affect polydispersity index. Last of all, though increasing cocatalyst concentration does not influence the activity of active centers, it lessens polymer molecular weight as a transfer agent.
Experimental Part
Polymerization reactions were carried out in a one-liter stainless steel Büchi reactor equipped with stirrer and mass flow controller. The reactor was first purged of impurities by the passage of nitrogen at 100 °C for one hour and then was cooled to 30 °C. Hexane was used as the slurry medium and was added to the reactor under nitrogen blanket. AlEt 3 -supplied by Witco Company-was used as cocatalyst. After that, the reactor temperature was appropriately set and, if necessary, hydrogen was also added to the reactor. Polymerization reaction started upon the addition of the catalyst, which was supported on silica and contained 3% titanium with Ethylene consumption profile was measured with a mass flow controller during the reaction. Molecular weight and molecular weight distribution were also determined using GPC technique.
